Abstract. Regular integer lattices are characterized by k unit vectors that build up their generator matrices. These have rank k for D-lattices, and are rank-deficient for A-lattices, for E 6 and E 7 . We count lattice points inside hypercubes centered at the origin for all three types, as if classified by maximum infinity norm in the host lattice. The results assume polynomial format as a function of the hypercube edge length.
Scope
We consider infinite translationally invariant point lattices set up by generator matrices G (1)
G ij α j which select point coordinates p given a vector of integers α. In a purely geometricenumerative manner we count all points that reside inside a hypercube defined by |p i | ≤ n, ∀i. These numbers shall be called A , the first differences of the "bulk" numbers with respect to the edge size n.
There is vague resemblance to volume computation of the polytope defined in α-space by other straight cuts in p-space [11, 10] .
In all cases discussed, the generating functions
k (x) are rational functions with a factor (1 − x) k in the denominator. They count sequences starting with a value of 1 at n = 0. The generating functions of the first differences, D s k (x) etc., are therefore obtained by decrementing the exponent of 1 − x in these denominators by one [14, 19] , and have not been written down individually for that reason.
The manuscript considers first the D-lattices D 6 -D 4 in tutorial detail in sections 2-4, then the case of general k in Section 5. The points in A 2 -A 4 are counted in sections 6-8 by examining sums over the α-coefficients, and the general value of k is addressed by summation over p-coordinates in Section 9. The cases E 6 -E 8 are reduced to the earlier lattice counts in sections 10-12.
Lattice D 2
In the D 2 lattice, the expansion coefficients α i and Cartesian coordinates p i are connected by
If we read the two lines of this system of equations separately, points inside the square |p i | ≤ n (i = 1, 2) are constrained to α-coordinates inside a tilted square, as shown in Figure 1 . (2n − 2α 2 + 1).
We will frequently sum over low order multinomials of this type with a basic formula in terms of Bernoulli Polynomials B, [9, (0.121 
Application to (5) and its first differences yields essentially sequences A001844 and A008586 of the Online Encylopedia of Integer Sequences (OEIS) [17] :
(Lattice points in the bulk and on the surface of D 2 )
The relation between expansion coefficients α i and Cartesian coordinates p i for the D 3 lattice is
The determinant of the Generator Matrix is non-zero; by multiplication with the inverse matrix, a form more suitable to the counting problem results:
is the number of integer solutions restricted to the cube −n ≤ p i ≤ n. This is the full triple sum (2n + 1)
3 -where 2n + 1 sizes the edge length of the cube-minus the number of solutions of (9) that result in non-integer α i . The structure of the three equations in (9) suggests to separate the cases according to the parities of p 3 and p 1 + p 2 : The parity-filtered double sum of (10) over the square in (p 1 , p 2 )-space selects points on lines parallel to the diagonal. Definition 1. (Order of even (g) and odd (u) point sets in k-dimensional hypercube planes)
This decomposition applies to higher dimensions recursively:
Starting from V g 1 (n) and V u 1 (n) given in (11)-(12), the recurrences provide Table  1 . The two disjoint sets of lattice points complement the hypercube: Table 1 . Low-dimensional examples of the lattice sums (13) .
Theorem 2. (fcc lattice counts for edge measure 2n + 1)
Proof. The proof is simple by induction with the aid of (14) and (16), using V g 1 (n) of (11) and V u 1 (n) of (12) . The corresponding recurrences and generating function are
The transformation between expansion coefficients and Cartesian coordinates in the D 4 case reads
The technique of counting points inside cubes is the same as in the previous section. Inversion of the 4 × 4 matrix yields
We wish to count all lattice points subject to the constraint |p i | ≤ n (i = 1, . . . 
No new aspect arises in comparison to the previous two sections [16] 
D 5 and D 6 are materialized as sequences A175111 to A175114 [17] . All cases are summarized in a Corollary to Theorem 2:
The generating functions are
where
Matrix inversion gives
which shows that there is no constraint on generating any p i inside the regions |p i | ≤ n: The number of lattice points up to infinity norm n is simply D * b
is the number of integer solutions to
The three requirements from the three lines of this equation become
As outlined in Figure 2 , decomposition of the conditions allows resummation over the quadrangles above and below the α 1 axis:
further evaluated with (6). 7. Lattice A 3
The generator matrix sets
This translates the four bindings |p i | ≤ n into four constraints on the three α: This is applied twice (note this factorization generates quad-sums which are a 
After binomial expansion, both remaining sums are reduced with (6): 
Lattice A 4
A 4 is characterized by a quad-sum over α i with five constraints on the p i set up by the hypercube: 
Product expansion generates 4 terms. The coupling between α 2 and α 3 is rewritten individually in their 4 different quadrants facilitated with Figure 4 . Direct summation over the polytopes in α i -space becomes increasingly laborious in higher dimensions; we switch to summation in p i -space based on the alternative
This is derived by adding a k + 1-st unit vector with all components equal to zero-with the exception of the last component-as a final column to the generator matrix. (This simple format suffices; laminations are not involved.) An associated coefficient α k+1 embeds the lattice into full space, while the condition α k+1 = 0 is maintained for the counting process. Inversion of the matrix generator equation demonstrates that this zero-condition translates into the requirement on the sum over the p i shown above. This point of view is occasionally used to define the A-lattices. Counting the points subjected to some fixed i p i = m is equivalent to computation of the multinomial coefficient
Balancing the accumulated powers as required for A b k necessarily ties them to the central multinomial numbers [3, 4] :
Selecting values for the p i is equivalent to a Motzkin-path, picking one term of each of the k instances of the 1 + x + x −1 of the trinomial, for example [5] . First, the formula is a route to quick numerical evaluation (Table 2) . Second, it proves that A b k (n) is a polynomial of order ≤ k in n, because each of the binomial factors in the j-sum is a polynomial of order k − 1. This is easily made more explicit by invocation of the Stirling numbers of the first kind [13] [1, (24.1.3) ].
Remark 2. This scheme of polynomial extension has been used for coordination sequences before [6] , and is found in growth series as well [2] . By computing the initial terms of any A k numerically, the others follow by the recurrence obeyed by k-th order polynomials [8] : 
If we rewrite (66) [15] (81)
, the multiplication formula of the Γ-function converts this to terminating Saalschützian Hypergeometric Series:
The functional equation Γ(m + 1) = mΓ(m) presumably induces a non-linear recurrence along each column of Table 2 , as shown by Sulanke for column n = 1 [18] . Numerical experimentation rather than proofs [12] suggest: Conjecture 1. (Recurrences of centered 3-nomial, 5-nomial, 7-nomial coefficients)
(86) Table 3 . Binomial coefficients η k,j of (88)
as demonstrated in Table 3 . They are related to the partial fractions of the rational generating functions :
The first column and the diagonal of Table 3 appear to be sequences A097861 and A011818 of the OEIS, respectively [17] .
Remark 5. From (66) we deduce the numerator coefficients defined in (89):
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Formula (2) converts
The task is to sum over the 6-dimensional representation with limits set by the 8-dimensional cube:
This is extended to an 8-dimensional representation 
The first but last equation of this linear system argues that 6 components of p i are confined to i=2,...,6 p i = 0 while summing over |p i | ≤ n to ensure α 7 = 0; the same sum regulated the 6-dimensional cube A 
The E 7 lattice is spanned by
Again we consider only the sublattice with even α 7 , that is, integer p i .
We reach out into a direction of the p 8 axis adding a unit vector with axis section α 8 : E b 7 (n) counts only points with α 8 = 0.
The inverse of this equation is 
and-reading the last line-the restriction on the α 8 coordinate implied by the embedding translates into i p i = 0. In comparison, we can also embed the A 7 lattice into its 8-dimensional host, 
The implied slice α 8 = 0 and the last line of this equation leads to the same condition i p i = 0 as derived from (102). Since both cases select from the (2n + 1) 8 points in the hypercube subject to the same condition, both counts are the same.
Lattice E 8
The E 8 coordinates are mediated by 
Explicit numbers are found with the formula in Theorem 2: Proof. The inverse of the generator matrix in (105) has exactly one row filled with the value 1/2, all other entries are integer. As already argued for the D-lattices in sections 3-4, this leads to the constraint that the sum over the p i must remain even, which matches Definition 1.
Summary
For D k lattices, the number of lattice points inside a hypercube is essentially a k-th order polynomial of the edge length, summarized in Eq. (37). For A k lattices, explicit polynomials have been computed for k ≤ 5 in Eqs. (47), (53), (62) and (68). For higher dimensions, the numbers are centered multinomial coefficients (66) which can be quickly converted to k-th order polynomials in n. The counts for E 6 , E 7 and E 8 are closely associated with the counts for A 5 , A 7 and D 8 , respectively. URL: http://www.strw.leidenuniv.nl/~mathar E-mail address: mathar@strw.leidenuniv.nl Leiden Observatory, Leiden University, P.O. Box 9513, 2300 RA Leiden, The Netherlands
